In this work, an efficient strategy was proposed for efficient solution of the dynamic model of SWRO system. Since the dynamic model is formulated by a set of differential-algebraic equations, simultaneous strategies based on collocations on finite element were used to transform the DAOP into large scale nonlinear programming problem named Opt2. Then, simulation of RO process and storage tanks was carried element by element and step by step with fixed control variables. All the obtained values of these variables then were used as the initial value for the optimal solution of SWRO system. Finally, in order to accelerate the computing efficiency and at the same time to keep enough accuracy for the solution of Opt2, a simple but efficient finite element refinement rule was used to reduce the scale of Opt2. The proposed strategy was applied to a large scale SWRO system with 8 RO plants and 4 storage tanks as case study. Computing result shows that the proposed strategy is quite effective for optimal operation of the large scale SWRO system; the optimal problem can be successfully solved within decades of iterations and several minutes when load and other operating parameters fluctuate.
Introduction
The shortage of freshwater resources is expected to worsen with the growth of population and industrialization, as well as climate change [1, 2] . Seawater desalination is one of the most promising approaches to get freshwater resources in the world and is considered as the most important strategy to develop new freshwater for the coastal counties [3, 4] . With the process of low-cost, high rejection membrane technique and high efficiency energy recovery device, seawater reverse osmosis (SWRO) technique is becoming the most popular and attractive seawater technique for its economy and convenience [5] [6] [7] .
Recently, more attention was paid to optimal operation and energy management to further reduce the energy consumption of SWRO system [8] . Modeling methods based on first principle and data-driven are used for practical control and fault diagnosis [9] . And with development of advanced control techniques such as predictive control, sliding-mode control, and optimal control [10] [11] [12] [13] , more potential benefit can be expected.
Kim et al. comprehensively studied the RO process especially on the minimization of product cost with system engineering method [14] . Sassi and Mujtaba and Palacin et al. evaluated the optimal operation of SWRO system through minimizing the specific energy consumption [15, 16] ; with the consideration of thermodynamic restriction, Zhu studied the energy cost optimization problem. Among which factors such as stages and energy recovery efficiency were discussed to get the optimal operation condition [17] . After a comprehensive first-principle based mathematical model has been developed and validated by plant data, Li studied the optimal plant operation of brackish water reverse osmosis (BWRO) desalination to reduce specific energy consumption (SEC). His computing results show that about 16% reduction of SEC can be achieved by optimizing operating condition [18] . Since all the cost spent on SWRO system includes not only operational cost but also capital cost, Geraldes studied the optimization problem through minimizing the objective function including all these costs; but to make solution of the problem with DAEs easier and simple, Geraldes used differential technology to discretize the equations and then 2 Mathematical Problems in Engineering obtained the optimal results with low accuracy [19] . Since the operating environments change frequently, Sassi and Mujtaba studied the optimal operation problem which is the variation of load and feed temperature. In his study, storage tank was used as the buffering unit between water production and water supply, and water level of storage tank can be freely adjusted to add the flexibility of operation [20] .
The researches above are of great significance to improve the economical performance of desalination, but most of them put emphasis on the optimal operation of steady-state process. As we know, in the actual process many operating parameters such as feed temperature, electricity price, and water supply requirement change dynamically over time [21] ; the performance of equipment and reverse osmosis membrane also constantly change over time, so dynamic optimization to improve the operation will be more meaningful. However, since the dynamical optimization problem includes a set of differential and algebraic equations (DAEs), its efficient and stable solution is fairly tough when inequality constraints enforced on the bounds. Direct methods such as variational principle based method often failed because of their disadvantage in dealing with active inequalities [22, 23] .
Though with development of computing technique, simultaneous approach with collocation on finite element is more suitable for this kind of problems, and large scale solvers such as sparse SQP and IPOPT become more powerful to solve large scale nonlinear problems, there are still many works to do to make the solution more efficient and stable, especially when the optimal problem is not convex and with the characteristic of strong nonlinear. But the real time optimization need the optimal operation problem be solved efficiently. In this paper, to solve optimization problem of RO process system with network structure more efficiently, based on the well-developed dynamic models of RO process and water storage process, an efficient optimization strategy to optimize the dynamic operation of SWRO system is proposed, which will be helpful to the reduction of energy cost and to the realization of real time optimization.
Dynamic Model of SWRO System
According to the flowsheet of SWRO system, RO unit is the key part for freshwater production. After the pretreatment, the seawater was pumped into RO modules by high pressure pump, from which the freshwater and the salt were separated through the work of solution-diffusion; then with simple posttreatment, the freshwater was pumped to terminal user [19] to meet the needs of daily life. In the RO module, the pressure, flow rate, and concentration change along the channel (shown in Figure 1 ). These variables satisfy the following equations [19] 
here, V denotes solvent flux, and represent the axial velocity in feed channel.
is the bulk concentration of RO module, and is the pressure drop along the RO module. The parameters and variables from the above equations can be obtained from the solution-diffusion mass transport relations and principle of energy conservation; all the equations involved are listed as follows [19, [24] [25] [26] [27] .
RO process model equations are
See [24] = ( − sp )
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As to the large scale SWRO system with multiple RO units and multiple storage tanks, the storage tanks perform as the buffering units between water production of RO units and water supply. Since there are pipes to connect each RO unit with storage tanks, the feed water can come from each RO unit; the dynamic process can be formulated as
and equations
Bound constraint is as follows:
Initial condition is as follows:
Here denotes the number of RO units, denotes the number of storage tanks, ( , ) denotes the flow rate from the th RO units to the th storage tanks, out, denotes the load requirement of freshwater of the th storage tank, sup denotes the total flow rate of freshwater supply, and the sup denotes the concentration of the supplied freshwater.
Formulation of Dynamic Optimization Problem of SWRO System
Energy cost is the largest portion of the SWRO system's operation cost; generally it accounts for over 50% of the operation cost. So minimizing the energy cost can be set as the objective function. It is affected by the electricity price and the specific energy consumption (SEC) which is defined as [28] SEC = / − .
With the consideration of daily fluctuation of feed temperature, electricity price, and the load requirement, the daily objective function can be denoted by min , , , , ,
Since the control variables cannot be adjusted too frequently and the change of electricity price is based on an hour, it is reasonable to adjust the control variables one hour by one hour, and so (12) can be renewed in another form, and the optimization problem named Opt1 can be denoted by
Equality Constraints.
RO process model ( (1)- (6)). Dynamic model of storage tanks ( (7)- (8)). Specific energy cost (11) .
Inequality Constraints.
Water quality: sup ≤ ,limit . Scaling resistant: , ≤ , ,limit . Concentration polarization: ≤ 1.2. Pressure constraints: , ,lo ≤ , ≤ , ,up . Flowrate of RO units: , ,lo ≤ , ≤ , ,up . Water level , ,lo < , < , ,up . Initial conditions of RO at each hour are as follows:
Initial condition of storage tanks = 0, (10).
The Strategy to Solve Opt2

Simultaneous Approach Based on Collocation on Finite
Element. Since the Opt1 includes differential equations as well as strongly nonlinear algebraic equations, it belongs to a kind of differential-algebraic optimization problems (DAOPs). The Opt1 problem of SWRO system with RO plants and storage tanks will have (3 × + 2 × ) differential equations and more nonlinear algebraic equations, since there are also constraints to satisfy the water quality and the equipment's safety; it is really hard to get the solution efficiently through direct ways such as variational principle. Here we use the simultaneous approach to fully discretize all the control variables and status variables, which is quite suitable and has many advantages for this kind of problems. We use the following monomial basis representation for the differential profiles, which is popular for Runge-Kutta discretization [29] :
Here −1 is the value of the differential variable at the beginning of element , ℎ is the length of element , / , denotes the value of its first derivative in element at the collocation point , and Ω is a polynomial of order , satisfying
here is the location of the rth collocation point within each element. Continuity of the differential profile is enforced by
In addition, the control and algebraic profile are approximated using a Lagrange basis representation which takes the form:
Here , and , represent the values of the algebraic and control variables, respectively, in element at collocation point , is the value satisfying −1 ≤ ≤ , and Ψ is the Lagrange polynomial of degree .
Through the simultaneous method mentioned above, the Opt1 in the form of DAEs is discretized into the NLP problem denoted by (19a)-(19i); here the problem is named Opt2.
Here 0 ≤ ≤ , = 1, . . . , = 1, . . . , . Since all the differential variables and continuous variables are fully discretized into algebraic variables along the spacious or time horizon, and large number of finite elements is generally selected to ensure the accuracy of the discretization, all the factors led to the great increase of the size of discretized problem of Opt2. As the result, though with the development of computing technique such as spare matrix and automatic differentiation, large scale solvers such as IPOPT and CONOPT can solve problems with millions of variables, and its efficient and stable solution is a big challenge. Special work need to be paid attention to to reduce the computing time and to keep the stability of the problem.
There are still two key factors influencing the efficient solution of the discretized problem of Opt2: the first is to configure the number of finite element. Too large number of finite elements will lead to rapid increase in the size of variables and equations, which will greatly increase the computing time and memory occupation. The second problem is to obtain initial values for all the discretized variables, which is very critical to the stability of Opt2 formulated in (19a)-(19i) . If the initial values are not carefully given, time-consuming and even failure of convergence will happen during the solution of Opt2. Based on the above reasons, techniques for assignment of initial values and suitable division of finite element are carefully designed as below.
Assignment of Initial Value through Simulation on Finite
Element Individually. If all the control variables are fixed as constant values, all the variables of Opt2 can be obtained by simulation of the whole process model. According to the flowsheet of SWRO system, the permeate flow rate and concentration of the permeate water are the input parameters for the dynamic process of storage tanks, so variables of storage tanks can only be obtained after the simulation of RO process.
The principle of collocation on finite element is shown in Figure 2 . Though all the variables are discretized, to keep the continuity, the final values of the first finite element are equal to the initial value of the second finite element. So to get all the values of RO process, the control variables are fixed as constant values, and then the simulation is carried out from one finite element to the next along the space or time horizon. After the simulation of RO process was finished, the values of , , and so on were used as input parameters and the simulations of storage tanks are then carried out in the same way of RO process.
After all the values of the discretized variables of Opt2 were obtained, we relax the control variables and enforce the constraints again. Then those obtained values were set as the initial value for Opt2, and nonlinear solver of IPOPT is used for the solution. The whole process of the technique to get good initial values is shown in Figure 3. 
Method for Suitable Division of Finite Element.
To balance the relationship of the discrete accuracy and computing efficiency, suitable ways to determine the number of finite element are necessary. Truong et al. improved an adaptive mesh refinement method [30] to improve the computing efficiency; Lan and Taylor designed a moving grid computing strategy [31] , though the computational efficiency is not high, the method is more stable. Binder proposed a mesh refinement strategy, making it superior to the average grid distribution strategy [32] . Biegler et al. proposed a dynamic optimization method [33] [34] [35] based on moving finite element technique; the finite element is automatically adjusted through error analysis. In this work, with the consideration of the special structure of SWRO system, and the relationship between the change of objective function value and the number of finite element which affect discrete state and control variables, a simple but effective method to get suitable division of finite element is designed as follows.
(1) Set the accuracy of the objective function which is defined as = [1 − abs( obj0 / obj1 )] ≤ ; is a small positive value such as 1.0 − 7.
(2) Set the number of finite element as Nef1 and the corresponding collocation point by conventional way.
(3) Solve the discretized problem of Opt2, and get the value of objective function obj0 .
(4) Add the number of finite element to Nef1 .
(5) Resolve the discretized problem of Opt2, and then obtain another value of objective function obj1 .
(6) Compute the value of .
(7) If the required accuracy is satisfied, then stop; otherwise, let obj0 = obj1 , and go to step (4). Since IPOPT is one of the best solvers to solve large scale dynamical problems, here it was used for the solution of Opt2 quickly.
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Case Study
The large scale SWRO system has 8 RO plants and 4 storage tanks, and the RO membranes are the products of Dow Chemical Company named SW30HR. Each RO plant has decades of pressure vessels in parallel, and several RO membranes in the pressure vessel connected in series are used to separate salt and pure water. The storage tanks are used as the buffering units between water supply and water production. The electricity price and other information for the system are listed in Tables 1-2 and shown in Figure 4 . Here NPT rays and NMOD represent the number of pressure vessel and the number of membranes in pressure vessels. FF denotes the fouling factor, and and denote the efficiency of highpressure pumps and energy recovery unit.
The optimization problem of this system was discretized by simultaneous approach based on collocation on finite element. Since the control variables are not allowed to adjust frequently and the electricity price changes at different hour, 24 finite elements and 3 collocation points are selected to discretize the dynamic variables of storage tanks. For the RO process, 3 collocation points are used and the number of finite element is determined by the proposed technique. To get good initial values, the developed method in chapter 3.2 was used for the solution of Opt2. To comprehensively understand the effect of finite element on the solution, information of problem Opt2 with different finite element of RO process is listed in Table 3 . Table 3 shows that when the number of finite element of RO increased to 40, the discretized variables and the equations of Opt2 reached 495371 and 494411, respectively; the size of the problem is quite large.
Nonlinear solver IPOPT [36, 37] which is based on interior point method was used for the solution of Opt2, and computing results with different finite element of RO process were listed in Table 4 . The results show that the problem of Opt2 can be successfully solved when the finite element increases from 2 to 40, and the solution converged to the best point within decades of iterations. The computing time of simulation and optimization increased much more greatly when the finite element increases. In particular, it can be seen that the optimization time increases almost in the form of exponential. When 40 finite elements and 3 collocation points were selected, the optimization time will reach 3519.953 CPU seconds. It can also be seen that the change of objective function became much smaller with the increase of finite elements. Compared with the objective function of 40 finite elements, the relative errors were obtained and showed in Figure 5 . As the finite elements increased to 10, the relative errors become fairly small, and the required accuracy can be reached at this time. Compared with the computing time with 40 finite elements, more than 94% computing time was saved. To show the effectiveness of the above method, initial values for Opt2 were given by reasonable assumption near the set point, the optimal solution failed to converge when the finite element is 40; and even when the finite element is 10, more than 1187 Nonzero Lagrangian Hessian  1  2  3  100378  40260  28427  27467  2  5  3  6 5 2 9 1  6 4 3 3 1  2 2 7 6 7 4  8 6 9 1 6  3  10  3  126731  125771  439834  164676  4  20  3  249611  248651  864154  320196  5  40  3  495371  494411  1712794  631236 iterations and more than 4680 seconds were spent to get the optimal solution. As 10 finite elements of RO unit were selected, the solution of problem of Opt2 was resolved under default operating conditions. The solution led to the profiles of control variables-feed flow rates and feed pressures along time horizon, from which the best control trajectory as well as the various status variables are achieved. Some of these results can be seen from Figures 6, 7, 8, and 9. Since the feed temperature changes frequently and has significant effect on performance of RO membranes, it is necessary to optimize the process quickly through adjusting the control variables to the aimed value. To validate the performance of the proposed strategy with large fluctuation of feed temperature, increase the feed temperature from 21 ∘ C to 29 ∘ C and keep other parameters as default, and then solve the Opt2 individually. Summary of the computing results can be seen from Table 5 . From which it can be seen that temperature has significant effect on the energy cost. The optimal energy cost reduces quickly as the temperature increases, when feed temperature increases from 21 ∘ C to Feed pressure (bar) Water recovery (%) 
29
∘ C, the optimal energy cost reduces from 3.8654 Wan CNY to 3.4202 Wan CNY. It can also be seen that the change of feed temperature has little effect on the computing performance and convergence of the proposed method. All the solution can be successfully achieved within decades of iterations and within several minutes. The results show that the proposed strategy for the SWRO system not only is quite effective but also has wide temperature adaptability. All the results show the good potential to the on-line optimization of actual SWRO system.
Conclusions
It is of significance to reduce the energy cost of seawater reverse osmosis (SWRO) system through the system engineering approach, especially when the system is operated in dynamical environments due to the changes of load and other operating parameters.
In this work, a dynamic optimization strategy for optimizing operation of large scale SWRO system was proposed. Based on first principle, the dynamic models of RO units and storage tanks which are developed by were formulated by differential-algebraic equations, and the objective function is formulated to minimize the energy cost. The optimization problem in the form of DAOPs was fully discretized into large scale NLP through simultaneous method, with which all the dynamic variables were approximated by polynomial equations with collocation point on each finite element. To solve the large scale NLP problem named Opt2 efficiently, a method was developed to get the initial value of all variables through simulation element by element and step by step. Then a simple but effective rule to determine the number of finite element was used to reduce the scale and at the same time to keep enough accuracy of Opt2.
Case study of a large scale SWRO system which includes 8 RO plants and 4 
